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Outline

K-means and Information theoretic clustering

Bregman divergences and Bregman information

Bregman hard clustering

Bregman divergences � Exponential families

Bregman soft clustering
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Clustering

Given: A set of objects

Goal: Partition the set into clusters of similar objects
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K-Means Clustering
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Applicable to �nite dimensional real vectors

NP-complete problem for
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Practical locally optimal solution: k-means algorithm
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K-Means Algorithm
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Mean is the best cluster representative !
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Clustering asCompression

Original random variable
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Inf ormation-Theoretic Clustering (ITC)

Given: Joint probability distribution 2
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Properties

Applicable to probability distributions

NP-complete problem

Locally optimal solution exists
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Word-DocumentExample
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Concrete representation of document and document
clusters is the corresponding word distribution
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Inf ormation Theoretic Clustering

Objective function
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ITC Algorithm

Iterative relocation similar to k-means

Optimal assignment: closest in terms of KL-divergence

Optimal cluster representative: mean distribution !
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A CloserLook

K-means objective function:
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GeneralFormulation ?

Objective function for any distance measure:
Expected “distance” to cluster representatives = Loss in “information”
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Main questions
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Will a simple iterative relocation algorithm work?

Is mean still the best cluster representative ?
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BregmanDivergences
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BregmanInf ormation

Theorem: For all Bregman divergences, mean is the best constant
predictor of a random variable and the best single representative for
a set of values
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Examplesof BregmanInf ormation
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BregmanHard Clustering
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Theorem: Expected Bregman divergence to cluster means equals
loss in Bregman information
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BregmanHard Clustering Algorithm

Initialize

���

�

�

�

���

�

Repeat until convergence

{ Assignment step }
Assign � to

�

� if

!#"

$
%

&
'

(*)

�
+

HKJ

3

�

�

�

�
+

5

{ Re-estimation step }
For all

!

�

�

"

�

�

�*�

�

�

�

�

�

�*�

�

�

– p.23/33



Algorithm Properties

Guarantee: Monotonically decreases a global objective function till it
reaches local optimum

Scalability: Every iteration is linear in the size of the input

Exhaustiveness: If such an algorithm exists for a loss function
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H

has to be a Bregman divergence

Mixed Data types:

Convex combination of convex functions s convex functions

Allows appropriate Bregman divergence for subsets of features
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Exampleof Algorithms

I

3

�

5

"

�

�

�

�

on

P

Q

Kmeans Clustering

I

3�S 5

"

QUT

�

�

2
T

V�W

&

2

T on X-simplex

Information Theoretic Clustering

I

3

�

5

"

�

QcT

�

�

V
W

&

<

T on

P

Qba

a

Linde-Buzo-Gray Clustering

– p.25/33



Exponential Families

De�nition: A multivariate parametric family of distributions is called an
exponential family if the probability density function is of the form
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is the cumulant or log-partition function that uniquely determines a
family, e.g., Gaussian, multinomial, Poisson, etc.
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is a strictly convex function

Exponential families include most of the popular generative models
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Bijection Theorem

Theorem: There is a bijection between exponential densities 2
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BregmanSoft Clustering

Learning a mixture of exponential densities

Maximum likelihood under incomplete information

Solvable by Expectation Maximization (EM)

Bijection theorem
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EM for mixture of � soft clustering for

exponential densities Bregman divergences
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BregmanSoft Clustering
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Goal: Find parameters
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BregmanSoft Clustering Algorithm
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Properties

Guarantee: Monotonically decreases a global objective function till it
reaches local optimum

Scalability: Every iteration is linear in the size of inputs

Interpretability:

Exponential family � Bregman divergence

Mixed Data types: Combination of different exponential models for
various attributes
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Summary of Results

Hard Clustering

Kmeans-type algorithm possible for any Bregman divergence

Bijection

Bregman divergences � Exponential families

Soft Clustering

Ef�cient learning of mixtures of any exponential distributions
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