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Intr oduction

Rate Distortion Theory:

® Encode a source distribution using as few bits as possible without
too much distortion

Rate Distortion Maximum likelihooc
Mixture Estimatior
Lossy Compression Learning/Predictio

/

Compact Informative
Representation
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Overview of Results

® Rate distortion analysis for all Bregman divergences
# New lower bound; extension of mapping approach (Rose '94)

® Rate distortion  maximum likelihood mixture estimation
#» Bregman divergences exponential families

®» Compression vs. loss in Bregman information formulation
# Information bottleneck as a special case
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Potential Applications

® Rate distortion results for Bregman divergences
» Designing quantizers based on Bregman divergences

® Rate distortion  maximum likelihood mixture estimation
#» New learning techniques based on existing lossy coding methods

®» Compression vs. Bregman information trade-off
» [|B style techniques for Bregman divergences
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Rate Distortion Theory

» Source over , Reproduction alphabet , Distortion measure

® Rate: average # bits to encode a symbol, Distortion:
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® Rate: average # bits to encode a symbol, Distortion:

The main question: What is the minimum number of bits required to encode
such that ?
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Rate Distortion Theory

Source over , Reproduction alphabet , Distortion measure

Rate: average # bits to encode a symbol, Distortion:

The main question: What is the minimum number of bits required to encode
such that ?

Answer: Rate-distortion function

Minimizer determines the optimal encoding scheme and
the optimal reproduction support
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Computation of

Convex problem: solvable, but computationally hard (even for nite )

Solutions:

Blahut-Arimoto algorithm
Applicable only for nite  and impractical for large

Analytic closed-form solutions
Only for well-behaved source and distortion combinations

Mapping Approach (Rose '94)
Ef cient; Applicable to bounded sources and Euclidean distance

—p.7/2



Computation of

Convex problem: solvable, but computationally hard (even for nite )

Solutions:

Blahut-Arimoto algorithm
Applicable only for nite  and impractical for large

Analytic closed-form solutions
Only for well-behaved source and distortion combinations

Mapping Approach (Rose '94)
Ef cient; Applicable to bounded sources and Euclidean distance

We generalize the results of Rose '94 to all Bregman divergences
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BregmanDivergences

Let be strictly convex, differentiable on

Examples:

Squared Euclidean distance
for

KL-divergence

> for

-simplex
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The Mapping Approach(Rose'94)

Reduction to two mutually exclusive cases

[Rose '94] For Euclidean distance and bounded sources, the optimal
reproduction support is nite unless Shannon lower bound is tight

Leads to two cases
Compute analytically
IS nite Compute algorithmically
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The Shannon-Bregmanlower bound

Shannon lower bound [Shannon '59]

Applicable for difference distortion measures

Shannon-Bregman lower bound

Applicable for Bregman distortion measures

where satis es
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Extensionof the Mapping Approach

Theorem. For all Bregman divergences and bounded sources, the optimal
reproduction support is nite unless Shannon-Bregman lower bound is tight

Leads to two mutually exclusive cases
Compute analytically
IS nite Compute algorithmically
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Extensionof the Mapping Approach

Theorem. For all Bregman divergences and bounded sources, the optimal
reproduction support is nite unless Shannon-Bregman lower bound is tight

Leads to two mutually exclusive cases

Compute analytically
IS nite Compute algorithmically
Extra Assumption: optimal cardinality of (known constant)

Rate distortion problem with x ed nite cardinality support(RDFC)
Alternate minimization algorithms for the second case
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Overview of Results

Rate distortion analysis for all Bregman divergences
New lower bound; extension of mapping approach (Rose '94)

Rate distortion maximum likelihood mixture estimation

Bregman divergences  exponential families

Compression vs. loss in Bregman information formulation
Information bottleneck as a special case
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Exponential Families

A parametric family of distributions is called an exponential family with
probability density function of the form

IS a strictly convex function called the log-partition function and it
uniquely determines a family, e.g., Gaussian
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Exponential Families

A parametric family of distributions is called an exponential family with
probability density function of the form

IS a strictly convex function called the log-partition function and it
uniquely determines a family, e.g., Gaussian

Scaled Exponential Families: Parametric families of scaled versions of

determines the softness of assignments in mixture modeling
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Maximum LIk elihood Mixtur e Estimation

Given: Finite set of i.i.d. samples , mixture model
cardinality , parametric family

Objective: Find the mixture model of distributions from and optimal
assignments such that the data likelihood of is maximized
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Maximum LIk elihood Mixtur e Estimation

Given: Finite set of i.i.d. samples , mixture model
cardinality , parametric family

Objective: Find the mixture model of distributions from and optimal
assignments such that the data likelihood of is maximized

[Neal et al., '97] The MLME problem is exactly equivalent to the minimum
variational free energy problem

empirical distribution; choice of mixture component

mixture model; S.t.
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Rate Distortion with Finite Cardinality Support

Given: Source empirical distribution over a nite set of i.i.d. samples
, reproduction support cardinality , distortion measure
tolerable distortion value

Objective: Find the reproduction support  of cardinality and the
optimal assignments such that IS achieved, i.e.,

where IS the optimal variational parameter for distortion
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MLME RDFC

Empirical distribution Source
Mixture model Reproduction support set
Choice of Choice of and

Variational free energy Rate distortion objective function
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MLME RDFC

Empirical distribution Source
Mixture model Reproduction support set
Choice of Choice of and

Variational free energy Rate distortion objective function

Connecting missing links:

[Banerjee et al., '04] Bijection between exponential densities
and Bregman divergences

are Legendre duals and :
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EquivalenceTheorem

For a given empirical distribution and mixture model/support set cardinality

(A) RDFC problem for Bregman divergence  and distortion level

(B) MLME problem based on the scaled exponential family

Theorem. Problems A and B are exactly equivalent when , the
variational parameter correspondingto  and are Legendre duals

Follows since
negative log-likelihood  distortion

maximum likelihood minimum distortion
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Overview of Results

Rate distortion analysis for all Bregman divergences
New lower bound; extension of mapping approach (Rose '94)

Rate distortion  maximum likelihood mixture estimation
Bregman divergences  exponential families

Compression vs. loss in Bregman information formulation
Information bottleneck as a special case
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Bregmaninformation

[Banerjee et al., '04] The Bregman Information of a random variable is the
expected Bregman divergence to the mean, i.e.,

Examples:

Variance:

Mutual Information: For over conditional densities ,
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Compressionvs. Lossin Bregmaninformation

Theorem. Expected distortion between source and reproduction random
variables is equal to the loss in the Bregman information

when
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Compressionvs. Lossin Bregmaninformation

Theorem. Expected distortion between source and reproduction random
variables is equal to the loss in the Bregman information

when

Leads to the constrained RDFC problem:

Compression

Bregman Information

—p.20/2



Information Bottleneck: A SpecialCase

Source , Reproduction , any other random variable

and

Theorem. For KL-divergence, the constrained RDFC problem is

Follows since and
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Information Bottleneck: A SpecialCase

Source , Reproduction , any other random variable

and

Theorem. For KL-divergence, the constrained RDFC problem is

Follows since and

IB Assumptions

Mutual information holds all relevant information
IS the appropriate suf cient statistic representation
KL-divergence is the appropriate distortion measure

Conditional independence relation
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Conclusions

Theoretical results
Rate distortion for Bregman divergences
Rate distortion  maximum likelihood mixture estimation
Compression vs. loss in Bregman information trade-off

Future work
Translating rate distortion bounds to mixture estimation domain
Designing learning techniques based on lossy coding techniques
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Thank Youl!

Contact Information:
Srujana Merugu (merugu@ece.utexas.edu)
University of Texas at Austin
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